B.Y. Chen [4] showed that there exists no proper warped CRsubmanifolds N ⊥ × f N T of a Kaehler manifold and obtained many results on CR-warped products N T × f N ⊥ . Contact CR-warped product submanifolds in Sasakian manifold were studied by I. Hasegawa and I. Mihai [6] . In this paper we have investigated the existence of contact CR-warped product submanifolds in more general setting of trans-Sasakian manifolds.
Introduction
The study of warped product manifolds was initiated by R.L. Bishop and B. O'Neill [1] with differential geometric point of view. However the study got impetus only after B.Y. Chen's work on warped product CR-submanifolds of Kaehler manifold (cf., [4] , [5] ). Afterwards several papers appeared which have dealt with various geometric aspects of warped product submanifolds. Our aim in the paper is to study the warped product submanifolds in the setting of trans-Sasakian manifold which is more general to Sasakian one.
A (2m + 1)-dimensional Riemannian manifolds (M , g
) is said to be a trans-Sasakian manifold if it admits an endomorphism φ of its tangent bundle TM , a vector field ξ and a 1-form η satisfying:
for any vector fields X, Y onM , where α and β are smooth functions on M and∇ denotes the Riemannian connection with respect to the Riemannian metric g. If α (respectively β) is zero thenM is called β−Kenmotsu (respectively α−Sasakian). If α and β both are zero then the manifoldM is called Cosymplectic. Now, let M be a submanifold immersed inM . We also denote by g the induced metric on M . Let T M be the Lie algebra of vector fields in M and T ⊥ M the set of all vector fields normal to M . Denote by ∇ the Levi-Civita connection on M . Then Gauss and Weingarten formulas are given bȳ
for any X Y ∈ T M and any N ∈ T ⊥ M , where ∇ ⊥ is the connection in the normal bundle, h is the second fundamental form of M and A N is the Weingarten endomorphism associated with N . The second fundamental form h and the shape operator A are related by
For any X ∈ T M , we write
where P X is the tangential component of φX and F X is the normal component of φX respectively. Similarly, for any vector field N , normal to M , we put
where tN and f N are tangential and normal components of φN , respectively.
The submanifold M is said to be invariant if F is identically zero. On the other hand, M is said to be anti-invariant submanifold if P is identically zero.
For submanifolds tangent to the structure vector field ξ, there are different classes of submanifolds. We mention the following
(ii) A submanifold M tangent to ξ is called an anti-invariant submanifold if φ maps any tangent space of M into the normal space, that is,
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where π i (i = 1, 2) are the canonical projections of B × F onto B and F , respectively.
We recall that on a warped product one has
for any vector fields U tangent to B and V tangent to F [3] .
If the manifolds N T and N ⊥ are invariant and anti-invariant submanifolds respectively of a trans-Sasakian manifoldM , then their warped products are (a)
Note. In the sequel, we call the warped product submanifold (a) as warped product CR-submanifold and the warped product (b) as CR-warped product submanifold.
Warped product CR-submanifolds of a trans-Sasakian manifold
Throughout this section, we assume thatM is a trans-Sasakian manifolds and M = N ⊥ × f N T be a warped product CR-submanifold of trans-Sasakian manifoldM . Such submanifolds are always tangent to the structure vector field ξ. We distinguish 2 cases
First we consider ξ tangent to N T .
Theorem 3.1. LetM be a (2m + 1)-dimensional trans-Sasakian manifold. Then there do not exist warped product CR-submanifold
M = N ⊥ × f N T such
that N T is an invariant submanifold tangent to ξ and N ⊥ is an antiinvariant submanifold ofM .
Proof. Assume M = N ⊥ × f N T is a warped product CR-submanifold of a trans-Sasakian manifold, such that N T is an invariant submanifold tangent to ξ and N ⊥ is an anti-invariant submanifold ofM . By equation (2.2), we have
for any X ∈ T (N T ) and Z ∈ T (N ⊥ ).
In particular, for X = ξ, we have
Using the structure equation of trans-Sasakian manifold and equations (1.2) and (3.1), it follows that
From equations (3.2) and (3.3), we conclude that Z ln f = 0, for all Z ∈ T (N ⊥ ), i.e., f is constant for all Z ∈ T (N ⊥ ). This completes the proof of the theorem. Now, we consider the case (ii)
Theorem 3.2. LetM be a (2m + 1)-dimensional trans-Sasakian manifold. Then there does not exist proper warped product CR-submanifold
M = N ⊥ × f N T ,
such that N T is an invariant submanifold and N ⊥ is an anti-invariant submanifold tangent to ξ ofM , unlessM is β− Kenmotsu.
Proof. Assume M = N ⊥ × f N T is a warped product submanifold of a transSasakian manifold, such that N T is an invariant submanifold and N ⊥ is an anti-invariant submanifold tangent to ξ ofM . In view of equation (2.2), we have
In particular, Z = ξ,
From equations (1.1), (1.2) and (3.5), we get
Since X and φX are linearly independent, from the above equation we see that proper warped product CR-submanifolds ofM are possible only if α = 0 and β = ξ ln f and in this case the ambient manifold becomes a Kenmotsu manifold, known as β-Kenmotsu. This completes the proof.
Now for the existence of warped product CR-submanifolds of type N ⊥ × f N T in Kenmotsu manifoldM of the type N ⊥ × f N T , with ξ tangent to N ⊥ , we give the following example which shows that warped product CRsubmanifolds of Kenmotsu manifolds exist in this case. Proof. Let M = N T × f N ⊥ is a CR-warped product submanifold of a transSasakian manifold, such that N ⊥ is anti-invariant submanifold tangent to ξ and N T is an invariant submanifold ofM . Let X ∈ T (N T ) and ξ ∈ T (N ⊥ ),then
Also, by last equation of (1.1) and equation (1.2), we have
By equations (4.1) and (4.2), we get (X ln f )ξ = −αφX + βX ⇒ X ln f = 0, for all X ∈ T (N T ). This means that f is constant for all X ∈ T (N T ). This complete the proof of the theorem. Now, we consieder the case (ii), i.e., ξ tangent to N T .
Assume M = N T × f N ⊥ be a CR-warped product submanifold of transSasakian manifold, such that N T is an invariant submanifold tangent to ξ and N ⊥ is an anti-invariant submanifold ofM . Let Z ∈ T (N ⊥ ) and ξ ∈ T (N T ), we have ∇ Z ξ = (ξ ln f )Z (4. From the equations (4.3) and (4.4), we get (ξ ln f ) = β, for all Z ∈ T (N ⊥ ). In this case warped products do exist with smooth function β ∈ C ∞ (N T ), which is a case similar to Theorem 3.2.
